We use the skew distribution generation procedure proposed by Azzalini [Scand. J. Stat., 1985, 12, 171-178] to create three new probability distribution functions. These models make use of normal, student-t and generalized logistic distribution, see Rathie and Swamee [Technical Research Report No. 07/2006 The results show that our distributions, in general, fit better the data sets. The general R codes for fitting the distributions introduced in this paper are given in Appendix A.
by using f (.) as define by the Equation (1) are bimodal for values of a close to 0, it is important to note that the values of the parameters determining uni/bi modal shapes are yet to be investigated.
We apply these distributions to three real data sets (expenditure on education, expenditure on health and waiting time between eruptions of the Old Faithful Geyser. We compare the fit of the distributions introduced in this paper with the distributions given by Nadarajah and Kotz [6] , the results show that: (1) our distributions, in general, fit better the data sets; (2) The Skew GL-Normal, Skew GL-t, Skew Normal-GL and Skew t-GL distributions can be used to model symmetrical and asymmetrical unimodal data; (3) The Skew GL-Normal and Skew GL-t distributions can be used to adjust bimodal symmetrical and asymmetrical data, offering good fits, showing a high flexibility which is not common in the literature on probability distributions, which are mostly unimodal. This may be very important in practical applications; (4) The distributions are robust to numerical calculations in practical applications. The general R codes for fitting the distributions introduced in this paper are given in Appendix A.
The paper is organized as follows. In Section 2, we introduce the Skew Normal-GL, Skew GL-Normal, Skew t-GL and Skew GL-t distributions and we obtained the mathematical expressions for the moments, respectively. In Section 3, we apply the new distributions in three real data sets. Finally, in Section 4, we point out some final considerations of the results obtained in this paper.
We conclude this introduction section with some results which will be useful in the subsequent sections of this paper.
Generalized Logistic Distribution
We start by defining the symmetric generalized logistic density function and its cumulative distribution function studied recently by Rathie and Swamee [4] :
where x ∈ R, a ≥ 0, b ≥ 0, p ≥ 0 (with a and b are not zero simultaneously), and R is the set of real numbers. For the values a = 1.59413, b = 0.07443 and p = 1.939, this distribution approximates very well the normal distribution with a maximum error of 4 × 10 −4 at x = 0 for the density function and 7.757 × 10 −5 at x = 2.81 for the distribution function. For approximations to Student-t distribution, see Rathie et al. [3] . The case a = 0 was studied, and applied to a civil engineering problem by Swamee and Rathie [7] . In the recent review article on univariate normal distribution, Rathie [8] pointed out that the generalized logistic distribution defined in (1) and (2) is invertible and that the approximation to the normal distribution is important for practical applications.
Azzalini's Skew Distribution
Azzalini [9] obtained the following skew density function:
h(x) = 2 f (x)G(w(x)) (−∞ < x < ∞),
where f (x) is a symmetric probability density function about the origin, G(x) is the cumulative distribution function of a symmetric density function about the origin, and w(x) is an odd function of x. In this paper, we take w(x) = cx, c ∈ R.
Moments
It is easy to calculate the n-th moments of h(x) given in (3) with w(x) = cx, c ∈ R, which are
when n is even, and
when n is odd.
Generalized Hypergeometric Function
The H-function, which is a generalization of Meijer's G function, is given below
As a special case, we have
For details, see Luke [10] , Springer [11] , or Mathai et al. [12] .
Skew Distributions

Skew Normal-Generalized Logistic Distribution
The skew normal-generalized logistic distribution (Skew Normal-GL), using (3), with f (x) standard normal and G(x) given in Equation (2) is defined by
In order that (8) is identifiable, we can rewrite it in the following form:
where A = ac ∈ R and B = bc|c| p ∈ R. Plots for probability density function (9), varying some values of A, B and p, to show different forms of the Skew Normal-GL distribution are illustrated in Figure 1 . We can see that the density has symmetric, asymmetric to the left and asymmetric to the right behavior, which may be important for practical purposes.
In the next subsection, we obtain n-th moments. For B = 0, our results give alternative expressions for the results obtained earlier by Nadarajah and Kotz [6] . 
Moments
The n-th moments of (9) are
for even values of n. For odd values of n, on using (1
Skew Generalized Logistic-Normal Distribution
This section deals with the skew generalized logistic-normal distribution (Skew GL-Normal) defined below in (13) . Moments about origin are obtained. The skew generalized logistic-normal distribution, using (3), with f (x) given in (1) and
is defined by
Plots for probability density function (13) , varying some values of a, b, p and c, to show different forms of the Skew GL-Normal distribution are illustrated in Figure 2 . As in Skew Normal-GL distribution, the density has symmetric, asymmetric to the left and asymmetric to the right behavior. It is interesting to note that, for values of parameter a near to zero, the Skew GL-Normal distribution has a bimodal shape, which may be very important in practical applications. In the next subsection, we obtain the moments of Skew GL-Normal distribution . For b = 0, the results of this section give alternative expressions for the results obtained earlier by Nadarajah and Kotz [6] .
Moments
Using (4) the n-th moments of (13) for even values of n has been calculated earlier by Rathie and Swamee [4] , and are given by
where
For odd values of n, on using (7),
Skew Student-t-Generalized Logistic Distribution
The skew student-t-generalized logistic distribution (Skew t-GL), using Azzalini's formula, is defined by
for −∞ < x < ∞ and v > 0. As before, taking A 1 = ac ∈ R and B 1 = bc|c| p ∈ R, (18) can be rewritten as . Plots for probability density function (19), varying some values of A 1 , B 1 , p and v, showing different unimodal forms of the Skew t-GL distribution are illustrated in Figure 3 . We can see that the density also has symmetric, asymmetric to the left and asymmetric to the right behavior. However, the Skew t-GL distribution has heavy tails. In the next subsection, moments of the Skew t-GL distribution (19) are obtained.
Moments
The n-th moments of (19), using (4), are given by
if n is an even integer, and 0 < n < v. For odd integer n, and using the equation (3.389.2) of Gradshteyn et al. [13] or Prudnikov et al. [14] , the moments are given by
For B 1 = 0, (21) reduces to the result obtained earlier by Nadarajah and Kotz [6] .
Skew Generalized Logistic-Student-t Distribution
The skew generalized logistic-student-t distribution (Skew GL-t), using (3), with f (x) given in (1) and
Plots for probability density function (24), for different values of values of a, b, p, c and v, showing different forms of the Skew GL-t distribution are illustrated in Figure 4 . As in Skew GL-Normal distribution, the density also has symmetric, asymmetric to the left and asymmetric to the right behavior. Again, it is interesting to note that, for values of the parameter a near to zero, the Skew GL-t distribution has a bimodal shape and heavy tails. In the next subsection, we obtain the moments of Skew GL-t distribution. For b = 0, the results of this section give alternative expressions for what have been given earlier by Nadarajah and Kotz [6] .
Moments
Using (4), the n-th moments of (24), for even values of n, has been calculated earlier by Rathie and Swamee [4] , and is given by
Applications to Real Data
In this section, we apply all the distributions introduced in this paper to three real data sets. The first data set is related to the total spending on public education (% of GDP-Gross Domestic Product) in various countries in 2003, which is unimodal and asymmetrical. The second data set relates to the total expenditure, in 2009, on health (% of GDP-Gross Domestic Product) in various countries, which has a bimodal and asymmetric behavior, even if not so evident. And finally, the third data set is related to the waiting time between eruptions of the Old Faithful Geyser in the Yellow Stone National Park, Wyoming, USA, which is clearly bimodal and asymmetrical.
The performance of the models was then compared by using the Akaike criterion (AIC), Bayesian criterion (BIC), Modified Akaike criterion (AICC) and Komogorov-Sminorv test (KS-Test). The information criterion AIC, BIC and AICC are given by
(29)
where log( f (x|θ)) is the log-likelihood function, p is then number of parameters of models and n is the sample size. The models that have lowest AIC, BIC and AICC values are better. The accuracy of the models was then compared by using Mean Square Error (MSE), Mean Deviation Absolute (MDA) and Max Deviation (MaxD). The MSE, MDA and MaxD are given by
where F e (x i ) is the empirical cumulative distribution andF(x i ) is the fitted cumulative distribution of the data. The models that have minimum values of MSE, MAD and MaxD (close to zero) are better. In Appendix A, we give a general R code for fitting the distributions introduced in this paper for practical purposes.
Application 1: Expenditure on Education
We use the data of total spending on public education (% of GDP-Gross Domestic Product) in various countries in 2003. These data were obtained from [15] . Expenditure on public education includes the current and capital spending by private and government agencies on educational institutions (both public and private), educational administration and subsidies to private (student/family) entities.
To adjust this data set, we modify the models by introducing a location parameter µ and a scale parameter σ by changing x to (x − µ)/σ everywhere in the density function divided by σ. The software R was used to calculate the estimates of the parameters through maximum likelihood method and the R function constrOptim [16] was used to maximize the log-likelihood function (Appendix A). The reason for using the R function constrOptim is to guarantee that the estimated parameters are consistent within their respective parametric space. The maximum likelihood estimates for the parameters of the models are given by: We compare the results of our distribution with the corresponding distribution (special cases) introduced by Nadarajah and Kotz [6] (Skew Normal-Logistic, Skew Logistic-Normal, Skew t-Logistic and Skew Logistic-t distributions). The Figure 5 illustrates the fit of the distributions introduced in this paper. The Figure B1 (Appendix B) illustrates the fit of Nadarajah and Kotz [6] distributions. The Figure 6 illustrates the pp − plot of all distributions. The performance of the all fitted distributions are given in Table 1 . Observing the results in Table 1 we can see that, looking the p-value of the KS test, all distributions can be used to model the data. According to the accuracy, the Skew GL-Normal, Skew GL-t and Skew Logistic-Normal distributions indicated better results with similar values. However, Skew GL-Normal and Skew GL-t distributions presented smaller values of AIC, BIC and AICC compared to the Skew Logistic-Normal distribution. In contrast, Skew Normal-Logistic distribution showed the worst results followed by Skew Normal-GL distribution.Comparing the proposed distributions in this paper with their corresponding distributions given by Nadarajah and Kotz [6] , we can see that: (1) Skew GL-t and Skew Normal-GL distributions have lower values of AIC, BIC, AICC , MSE , MAD and MaxD compared to the Skew Logistic-t and Skew Normal-Logistic distributions, respectively; (2) The Skew t-Logistic gave better accuracy compared to Skew distribution t-GL (Smaller values of MSE, MAD and MaxD), however, Skew t-GL distribution indicated better performance than Skew t-Logistic distribution (Smaller values of AIC, BIC and AICC).
Thus, for this application, in general, the distributions introduced in this paper fit better the data and the Skew GL-Normal and Skew GL-t distributions are preferable to fit this data because they present better and similar results (smaller values of AIC, AICC, BIC, MSE, MAD and MaxD).
Application 2: Expenditure on Health
We use the data of total expenditure, in 2009, on health (% of GDP-Gross Domestic Product) in various countries. These data are obtained from [17] . Total health expenditure is the sum of expenses with public and private health. It covers the provision of health services (preventive and curative), family planning activities, nutrition activities and emergency aid designated for health but does not include water supply and sanitation.
Again, to adjust this data set we introduced a location parameter µ and a scale parameter σ. For the estimates of model parameters the maximum likelihood method is used. The software R was used to calculate estimates of the parameters by using the R function constrOptim [16] to maximize the log-likelihood function (Appendix A). The maximum likelihood estimates for the parameters of the models are given by: We compare the results of our distribution with the corresponding distribution (special cases) introduced by Nadarajah and Kotz [6] (Skew Normal-Logistic, Skew Logistic-Normal, Skew t-Logistic and Skew Logistic-t distributions). The Figure 7 illustrates the fit of the distributions introduced in this paper. The Figure B2 (Appendix B) illustrates the fit of Nadarajah and Kotz [6] distributions. The Figure 8 illustrates the pp − plot of all distributions. The performance of the all fitted distributions are included in Table 2 . Observing the Figure 7 we can see that the data presents a bimodal and asymmetric behavior, even if it is not very evident.
(a) Observing the results in Table 2 we can see that, through the p-value of the KS test, only the Skew-Normal Logistic distribution could not be used to model the data. The Skew GL-t distribution had the smallest values of AIC, BIC, AICC, MSE, MAD and MaxD followed by Skew GL-Normal and Skew t-Logistics distributions. In contrast, Skew-Normal Logistic distribution showed the worst results followed by Skew Normal-GL distribution.
Comparing the distributions proposed in this paper with their corresponding distributions given by Nadarajah and Kotz [6] , we can see that: (1) the Skew GL-Normal Skew GL-t and Skew Normal-GL distributions has smaller values of AIC, BIC, AICC, MSE, MAD and MaxD compared to the Skew Logistic-Normal Skew Logistic-t and Skew Normal-Logistic distributions, respectively; (2) The Skew t-Logistic distribution resulted in better performance when compared to the Skew t-GL distribution (Smaller values of AIC, BIC and AICC), however, the Skew t-GL distribution obtained better accuracy than Skew t-Logistic distribution (Smaller values of MSE, MAD and MaxD).
Again, for this application, in general, the distributions proposed in this paper fit better the data and the Skew GL-t distribution is preferred to fit this data presenting better results (smaller values of AIC, AICC, BIC, MSE, MAD and MaxD).
Application 3: Waiting Time between Eruptions of Old Faithful Geyser
This application shows the versatility of the Skew GL-Normal and the Skew GL-t distributions. Using data available in the free statistical software R we see the shape of bimodal distribution. Among the variables available, the waiting time between eruptions of Old Faithful Geyser in Yellow Stone National Park, Wyoming, USA was used. The data has 272 observations given in minutes.
Once more, to adjust this data set we modify the models by introducing a location parameter µ and a scale parameter σ. The software R was used to calculate the estimates of the parameters through maximum likelihood method and the R function constrOptim [16] was used to maximize the log-likelihood function (Appendix A). The maximum likelihood estimates for the parameters of the models are given by: We now compare the results of our distribution with the corresponding distribution (special cases) introduced by Nadarajah and Kotz [6] (Skew Normal-Logistic, Skew Logistic-Normal, Skew t-Logistic and Skew Logistic-t distributions). It is interesting to note that, when we try to adjust the distributions given by Nadarajah and Kotz [6] to the data, which have a marked bimodal behavior, we had numerical problems when trying to calculate their cumulative distribution functions, which did not happen with our distributions. Thus, it was not possible to calculate the p-value of the KS test, MSE, MAD and MaxD for the Skew Normal-Logistic, Skew Logistic-Normal, Skew t-Logistic and Skew Logistic-t distributions.
The Figure 9 illustrates the fit of the distributions introduced in this paper. The Figure 10 illustrates the fit of the density function of the distributions introduced by Nadarajah and Kotz [6] . The Figure 11 illustrates the pp − plot of our distributions. The performance of the all fitted distributions are given in Table 3 . Observing the results of the Table 3 we can see that, only the Skew GL-Normal and Skew GL-t distributions adjusted well to the data with similar accuracies. However, observing the AIC, BIC and AICC values, the Skew GL-t distribution had a slightly better result. In contrast, Skew Normal-GL and Skew t-GL distributions, even having no numerical problems, are not indicated to model these data showing poor results. Finally, the Skew Logistic-Normal Skew Logistic-t, Skew Normal-Logistic and Skew t-Logistic distributions presented numerical problems when calculating the cumulative distribution functions, showing that they are not flexible enough to model bimodal data. So, for this application, the Skew GL-t distribution is preferred to fit this data presenting better results (smaller values of AIC, AICC, BIC, MSE, MAD and MaxD).(1) in general, our distributions adjusted the data better than the distributions given by Nadarajah and Kotz [6] ; (2) The Skew GL-Normal, Skew GL-t, Skew t-GL and Skew Normal-GL distributions can be used to model symmetrical and asymmetrical unimodal data; (3) Skew GL-t and Skew GL-Normal distributions can be used to adjust bimodal symmetrical and asymmetrical data, showing high flexibility which is not common in the literature on probability distributions, and this can be very important in practical applications; (4) For application 1, the Skew GL-Normal and Skew GL-t distributions are preferable to fit this data because they present better and similar results (smaller values of AIC, AICC, BIC, MSE, MAD and MaxD), and, for applications 2 and 3, the Skew GL-t distribution is preferred to fit this data presenting better results. Finally, the distributions introduced in this paper are robust to numerical computation.
Conclusions
In this paper, we proposed new skew probability density functions using the Azzalini's formula 2 f (x)G(cx), where f is a symmetric density about zero, and G is a distribution function of a symmetric density about zero. The expressions for f and G are taken from normal, student-t and generalized logistic distributions. We derived expressions for the n-th moments in terms of the H and Meijer G functions [12] .
We apply new distributions to three data sets. One application for unimodal data is provided for total expenditure on education in various countries in 2003. Two applications of bimodal data are given for the total expenditure on health in various countries in 2009 and waiting time between eruptions of the Old Faithful Geyser. We conclude that:
1. In general, the distributions introduced in this paper fit better the data when compared with the Skew Logistic-Normal, Skew Logistic-t, Skew Normal-Logistic and Skew t-Logistic distributions, introduced by Nadarajah and Kotz [6] ; 2. The Skew GL-Normal, Skew GL-t, Skew Normal-GL and Skew t-GL distributions can be used to model symmetrical and asymmetrical unimodal data; 3. The Skew GL-Normal and Skew GL-t distributions can be used to adjust bimodal symmetrical and asymmetrical data, offering good fits, showing a high flexibility which is not common in the literature on probability distributions, and this can be very important in practical applications; 4. For application 1, the Skew GL-Normal and Skew GL-t distributions are preferable to fit this data because they present better and similar results (smaller values of AIC, AICC, BIC, MSE, MAD and MaxD), and, for applications 2 and 3, the Skew GL-t distribution is preferred to fit this data presenting better results; 5. The distributions proposed in this paper apply to all applications without presenting numerical problems, unlike the proposed distributions by Nadarajah and Kotz [6] which had serious numerical problems to adjust bimodal data. (Section 3.3).
Thus, the proposed distributions in this paper are flexible to adjust symmetric and asymmetric data, with unimodal and bimodal behavior, and are robust to numerical computation in practical applications.
